Abstract.In this manuscript we define the right fractional derivative and its corresponding right fractional integral with exponential kernel. Then, we provide the integration by parts formula and we use Q−operator to confirm our results. The related Euler-Lagrange equations were obtained and one example is analysed. Moreover, we formulate and discus the discrete counterparts of our results.
Introduction
The techniques of the fractional calculus are applied successfully in many branches of science and engineering [1, 2, 3, 4, 7] . The power law effects are described accurately within the fractional calculus approach. However there are several complex phenomena which do not obey this law, thus we need to find alternatives, e.g. the nonlocal kernels without singularity in order to overcome this issue. On the other side the discrete version of any fractional derivative is one of the interesting topics nowadays [8] - [20] . Some of the applications of the discrete fractional Caputo derivative can be seen in [21, 22] .
For two real numbers a < b, a ≡ b (mod 1), we denote N a = {a, a + 1, ..} and b N = {b, b − 1, ...}. Also, ∇f (t) = f (t) − f (t − 1). The Q−operator action, (Qf )(t) = f (a + b − t), was used in [20, 23] to relate left and right fractional sums and differences. It was shown that
• (∇ α a Qf )(t) = Q b ∇ α f (t)
The mixing of delta and nabla operators in defining right fractional differences plays an important role in obtaining the above dual identities.
In this article, we will use the action of the discrete version of Q−operator to define and confirm our definitions of fractional differences with discrete exponential function kernels.
We recall some facts about discrete transform within nabla. For more general theory of Laplace transform on time scales we refer to [5, 6] . The (nabla) exponential function on the time scale Z is given by e(λ, t − t 0 ) = (
while the (delta) exponential function by e(λ, t − t 0 ) = (1 + λ)
In this manuscript, we follow the nabla discrete analysis.
Definition 1. The nabla discrete Laplace transform for a function f defined on N 0 is defined by
More generally for a function f defined on N a by
Definition 2. (See [24] also) Let s ∈ R, 0 < α < 1 and f, g : N a → R be a functions.
The nabla discrete convolution of f with g is defined by
Proposition 1. For any α ∈ R \ {..., −2, −1, 0} , s ∈ R and f, g defined on N a we have
Proof.
where the change of variable r = t − ρ(s) was used.
For the delta Laplace convolution theory we refer to ( [5] , Section 3.10).
We can generalize Lemma 1 as follows:
It is well-known that the (delta or nabla )Laplace transform of the constat function 1 on any time scale is 
Left and right fractional derivatives with exponential nonsingular kernel and their correspondent integral operators
In this section we will define the discrete fractional derivatives with nabla exponential kernels. From the nabla time scale calculus (see [5] , page 55), we recall that the nabla exponential function on the Z (or N a ) time scale is given by e λ (t, a) = ( 1 1−λ ) t−a , t ∈ N a . According to [28] , if f ∈ H 1 (a, b), a < b, α ∈ [0, 1], then, the new (left) Caputo fractional derivative is:
The right new (Caputo) fractional derivative can be defined by
and the left new Riemann fractional derivative by
and the right new Riemann fractional derivative by
It can be easily shown that
Consider the equation ( CF R a D α f )(t) = u(t). If we apply Laplace transform starting at a to both sides and use the convolution theorem , we conclude that
where F (s) = L a {f (t)}(s) and U (s) = L a {u(t)}(s). Then, apply the inverse Laplace to reach at
Therefore, we can define the correspondent left fractional integral of ( CF a D α ) by
We define the right fractional integral
so that ( CF a I α Qu)(t) = Q( CF I α b u)(t). Furthermore, by the action of the Qoperator we can easily show that
Conversely, consider the equation
Apply the Laplace transform to see that
From which it follows that
The right hand side of (15) is nothing but the Laplace of ( CF R a D α f )(t). Hence,
Similarly or by the action of the Q−operator we can show that
Remark 1. (The action of the Q−operator)The Q-operator acts regularly between left and right new fractional differences as follow:
Proposition 2. (The relation between Riemann and Caputo type fractional derivatives with exponential kernels)
•
Proof. From the relations
and
we conclude that
Applying the inverse Laplace to (18) and making use of the fact that L a {f (t − a)}(s) = e −as L{f (t)}(s) we reach our conclusion in the first part. The second part can be proved by the first part and the action of the Q−operator.
The following result is very useful tool to solve fractional dynamical systems within Caputo fractional derivative with exponential kernals.
Similarly,
3 Integration by parts for fractional derivatives with exponential kernels
Before we present an integration by part formula for the new proposed fractional derivatives and integrals we introduce the following function spaces: For p ≥ 1 and α > 0, we define
Above it was shown that the left fractional operator CF R a D α and its associate frac-
and similarly,
• From the definition and the identity
we have
The other case follows similarly by the definition of the right fractional integral in ( 14) and the identity (24) .
• From definition and the first part we have
Before proving a by part formula for Caputo fractional derivatives, we use the following two notations:
• The (right) exponential integral operator
Theorem 2. (Integration by parts for the Caputo derivatives with exponential kernel)
The proof of the first part follows by Theorem 1 and the first part of Proposition 2 and the proof of the second part follows by Theorem 1 and the second part of Proposition 2.
Fractional Euler-Lagrange Equations
We
where
Proof. Without loss of generality, assume that J has local maximum in S at f . Hence, there exists an ǫ > 0 such that
Then,
Let the quantity δJ(η,
Evidently, if η ∈ H then −η ∈ H, and δJ(η, y) = −δJ(−η, y). For ǫ small, the sign of J( f ) − J(f ) is determined by the sign of first variation, unless δJ(η, y) = 0 for all η ∈ H. To make the parameter η free, we use the integration by part formula in Theorem 2, to reach
for all η ∈ H, and hence the result follows by the fundamental Lemma of calculus of variation.
The term ( e −α 
Proof. The proof is similar to Theorem 3 by applying the second integration by parts in Proposition 2 to get the natural boundary condition of the form ( e −α 
Clearly, if we let α → 1, then the Euler-Lagrange equation for the above functional is reduced to y ′′ = 0 when the potential functions is zero. Its solution is then linear, which agrees with the classical case. For equations in the classical fractional case with composition of left and right fractional derivatives with the action of the Q−operator we refer to [27] .
Discrete versions of fractional derivatives with exponential kernels
Using the time scale notation, the nabla discrete exponential kernel can be expressed as e λ (t, ρ(s)) = (
• The left (nabla) new Caputo fractional difference by
• The right (nabla) new Caputo fractional difference by
• The left (nabla) new Riemann fractional difference by
• The right (nabla) new Riemann fractional difference by
Remark 2. In the limiting case α → 0 and α → 1, we remark the following
and (
• (
Remark 3. (The action of the discrete Q−operator)The Q-operator acts regularly between left and right new fractional differences as follows:
Consider the equation ( CF R a ∇ α f )(t) = u(t). If we apply (N a the discrete nabla Laplace transform starting at a to both sides and use the convolution theorem , we conclude that
where F (s) = (N a {f (t)}(s) and U (s) = (N a {u(t)}(s). Then, apply the inverse Laplace to reach at
Therefore, we can define the correspondent left fractional integral of ( CF R a D α ) by
so that ( CF a ∇ −α Qu)(t) = Q( CF ∇ −α b u)(t). Furthermore, by the action of the Q-operator we can easily show that
Apply the nabla discrete Laplace transform to see that
The right hand side of (37) is nothing but the Laplace of ( CF a ∇ α f )(t). Hence,
Proposition 4. (The relation between Riemann and Caputo type fractional differences with exponential kernels)
Applying the inverse Laplace to (40) and making use of the fact that N a {f (t − a)}(s) = (1 − s) a N {f (t)}(s) we reach our conclusion in the first part. The second part can be proved by the first part and the action of the Q−operator.
6 Integration by parts for fractional differences with discrete exponential kernels
Above it was shown that the left fractional operator CF R a ∇ α and its associate fractional
Theorem 5. (Integration by parts for fractional differences) Assume 0 < α < 1 and the used functions are defined on N a ∩ b N, a ≡ b (mod 1). Then
• For functions ϕ(t) and ψ(t) , we have
• For functions f (t) and g(t) defined on N a we have,
the first part follows. The other case follows similarly by the definition of the right fractional difference in ( 36) and the identity (43).
• From the statement before the Theorem and the first part we have
• The (left) discrete exponential integral operator
• The (right) discrete exponential integral operator
Theorem 6. (Integration by parts for the Caputo derivatives with exponential kernel)
Proof. The proof of the first part follows by Theorem 5 and the first part of Proposition 4 and the proof of the second part follows by Theorem 5 and the second part of Proposition 4.
Discrete fractional Euler-Lagrange equations
We prove Euler-Lagrange equations for a Lagrangian containing the left new discrete Caputo derivative with discrete exponential kernel.
Theorem 7. Let 0 < α < 1 be non-integer, a, b ∈ R, a < b, a ≡ b (mod 1). Assume that the functional of the form
has a local extremum in S = {y :
Then, the ǫ−Taylor's theorem and the assumption implies that the first variation quantity δJ(η, y) =
for all η ∈ H. To make the parameter η free, we use the first integration by part formula in Theorem 6, to reach
for all η ∈ H, and hence the result follows by the discrete fundamental Lemma of calculus of variation.
The term ( E −α has a local extremum in S = {y : (N a+1 ∩ b+1 N) → R : y(a + 1) = A, y(b + 1) = B} at some f ∈ S, where L :
where L 1 (s) = Proof. The proof is similar to Theorem 7 by applying the second integration by parts formula in Theorem 6 to get the natural boundary condition of the form ( E −α
Example 2. Below we provide a discrete example of physical interest under Theorem 7. We consider the following fractional discrete action, For the sake of comparisons with the classical discrete fractional Euler-Lagrange equations within nabla we refer to [26] .
Conclusions
Caputo-Fabrizio derivative was already applied successfully since it was recently suggested. Several applications of it were implemented in some areas where the non-locality appears in real world phenomena. However, the properties of this derivative should be deeply explored and applied to describe the real world phenomena. In this manuscript we elaborated the discrete version of the Caputo-Fabrizio derivative. By proving the integration by parts we open the gate for application in discrete variational principles and their applications in control theory. The reported discrete fractional Euler-Lagrange will play a crucial role in constructing the related Lagrangian and Hamiltonian dynamics.
